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Mean square of the error term in the asymmetric 
many dimensional divisor problem 

Xiaodong Cao, Yoshio Tanigawa and Wenguang Zhai 


Abstract 

Let a = (ai, d 2 , • • •, dfc), where a,j (j = 1,..., k) are positive inte¬ 
gers such that di < d 2 < • • • < dfc. Let d(a;n ) = 1 and 

A(a; x) be the error term of the summatory function of d(a; n). In this 
paper we show an asymptotic formula of the mean square of A(a;ir) 
under a certain condition. Furthermore, in the cases k = 2 and 3, we 
give unconditional asymptotic formulas for these mean squares. 


1 Introduction and the statement of results 

Let k be a fixed positive integer and x > 1. Let a = (a\,... ,ak), where 
a j ( j = 1 are positive integers such that di < ••• < a*,. Let 

d(a; n) denote the number of representations of an integer n in the form 

<21 dh 

n = n 1 •• • n k ; 

d{a;n)= ^ 1 - l 1 - 1 ) 

a i at. 

n i - n k = n 

We define the error term 

E f 

d(a; n) — iL(a; x), 

n<x 

where H (a; x) is the main term of the summatory function of d(a; n), which 
is given by the sum of residues of P[/ = i an( ^ ' summation 
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symbol means that the last term d(a; x ) should be halved when x is an inte¬ 
ger. Asymmetric many dimensional divisor problem (or the general divisor 
problem) is to study the behaviour of A (a; x). See also Ivic [2] and Kratzel 
[TO] , or the survey paper [9]. 

When ai = a 2 = 1, d( 1,1; n) = Ed|n A (C ^ x ) = En<x d ( l > !> I n ) - 
x(logx + 27 — 1), (7 is the Euler constant), we have the classical Dirichlet 
divisor problem. Dirichlet proved A(l, 1; a:) = 0(x 1 / 2 ) by his famous hyper¬ 
bola method. The exponent 1/2 was improved by many researchers. The 
latest result is 

A(z) = O (x 131 / 416 (log x ) 26947 / 8320 ) 
due to Huxley [ 6 ]. For the lower bounds, it is known that 

A(l, 1 ; x) = 12 + (x* (log x)* (log logx) 4 s exp(—c\/log log logz)^ (c > 0 ) 

and 

A(l,l;z) = exp(c'(loglogx)4(logloglogx) _ ^)^ (c' > 0), 

which are due to Hafner [FJ and Corradi and Katai [3], respectively. Many 
corresponding results for asymmetric many dimensional divisor problem can 

be found in [7] and Q33- 

The mean square estimate is one of the main problems in the theory of 
divisor problem. Let R(T) be the error term defined by 

A 2 (l, 1; x)dx = cT 3/2 + R(T), 

where c is a constant given by c = Cramer [3j first proved 

that 

R(T) = 0(T 5/4+£ ). 

The above estimate of R(T) was improved to 

R(T) = 0(T log 5 T) (1.2) 

by Tong [12] and recently to R(T ) = 0(T log 3 T log log T) by Lau and Tsang 
HU- Tong’s method which derives m is the initial motivation of our 
previous paper [ 2 ]. 

Ivic [ 8 ] studied the upper bound and 12-result of the mean square of 
A (a; x) for general k. As for the upper bound, he proved that if 

A 2 (a- x)dx<^ T 1+2dk (p k > 0) 

then (3 k > g k , where 

r — 1 

2(ai + • • • + a r ) 
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and r is the largest integer such that 


(r — 2 )a r < a\ + • • • + o r -i (2 < r < k) 

O (1.5)]. Furthermore, he showed that the estimate \C(l/2+it)\ 2k ~' 2 dt <C 
T 1+e implies fik = 9k- In particular, [5^ = 9k holds for k = 2 and 3. For the 
lower bound, he showed that 

A 2 (a; x)dx = Q(T 1+29k log A T) 

with some constant A > 0. From these evidence, he conjectured that 

A 2 (a; x)dx = (. E k + o{l))T l+29k log A T (1.3) 

for general k with some constants E^> 0 and A > 0 0 (5.7)]. 

Ivic’s conjecture (11.311 was solved by Cao and Zhai E3I in the case k = 2. 
More precisely they proved that 

l + ai+a2 / l + ai+a2 _£1_ 7 

A 2 (a; x)dx = c(a)T a l +a 2 +0 T a l+“2 2a 2 (» 1 + a 2 )(a 1 +« 2 -l) l 0 g2 J 1 

(1.4) 

where a\ and a 2 are integers such that 1 < a\ < 0 , 2 , a = ( 01 , 02 ) and c(a) 
is some constant. Their method is based on the transformation formula of 
the exponential sum applied to Chowla and Walum type representation of 
A (a;x) (see also [I]). When ai = 02 = 1, the error term in (11.41) becomes 

5 7 

0(T 4 logs T). Hence it can be said that (11.41) corresponds to the result of 
Cramer. 

In this paper we shall study the mean square estimate of the error term 
A(a; x) more closely by the Tong’s method mm- For this purpose, we 
need an auxiliary divisor function defined by 

d(a\n) = n“ 1_1 ■ • • % fe_1 . (1.5) 

a i a h 
n \ " n k =n 

This function can be regarded as a dual function of d(a\n). For notational 
convenience we put 

b(n) = 1 r 2a_fe / 2 d(a; n) and fi n = 7r 2 “n, 






where 

a = (ai + • • • + afc)/2. 

By (11.11) and (11.51) . it is easy to see that 

oo , / \ k 

■= C = nC( Q ^) Re s > 1/ a± 

n=l j =1 
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and 


V’(s) -=J2 


n =1 


b(n) 

Tn 


_ ^.2ot—k/2—2a.s 


E 

n=l 


d(a; n) 




_ ^.2ot—k/2—2ots 


C( a j s — a i + 1 ) Res>l. 

3 =1 


( 1 . 6 ) 


Let 1/2 < cr* < 1 be a real number defined by 

rT 


a* := inf <^<7 
for any e > 0. Clearly we have 


(cr + it)f dt -C T 


l+£ 


'0 


cr* > 1 - 


1 

2 CLfc 


In this paper we suppose that cr* satisfies the condition 

k- 1 


CT* < 1 - 


4a 


( 1 . 7 ) 


( 1 . 8 ) 


(1.9) 


This condition plays an important role in Tong’s theory. From (|1.8|) . we 
note that m implies, as a necessary condition, that 

(k — 2)ofc < a\ + ■ • • + (1-10) 

We first show an asymptotic formula of the mean square of A (a,x). 

Theorem 1. Let ( k — 2)afc < a\ + • • • + a^_i and suppose that cr* satisfies 
(ESI). Then we have 


J A 2 (a; x)dx = c(a)T 1+ V + O (t 1+! ; 
where c(a) is a certain positive constant and 


r/(a) = 2(1 


2 a( 3 - 2 a*-£)-l 


( 1 . 11 ) 


( 1 . 12 ) 


It is an important problem to determine the exact value of a*. Generally 
it is a very difficult problem, but if we assume the Lindelof hypothesis we 
can see easily that cr* = 1 — l/2afc. Hence from Theorem 1 we have 

Corollary 1. Suppose that the Lindelof hypothesis is true. If (k — 2 )ak < 
a\ + ■ ■ • + afc_ i, we have 


j: 


b_l / i i fc — 1 2ai — (k — l)afc ! 

A 2 (a; x)dx = c(a)T 1+ ^r + Q T —~^^=^ 


where c(a) is a certain positive constant. 
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When k = 2 , we find that a* = 1 — 1/202 unconditionally. This is the 
consequence from the theorem on the fourth power moment of the Riemann 
zeta function. Hence ( 11 .IIP gives 

Theorem 2 . In the case k = 2 , let oq <02- Then we have 

A 2 (ai,(22; x)dx = c 2 T 1+ “i+“2 + O ) 

( 1 . 13 ) 

where C2 is a certain positive constant. 

This theorem improves the error term of ( 11 . 41 ) . We note that if we let 
01 = 02 = 1 the error term in ( 11 . 131 ) is 0 (T l+£ ), so it can be said that ( 11 . 131 ) 
corresponds to the result of Tong except T £ factor. 

Another interesting case is k = 3 . We can show that 



Theorem 3 . Let k = 3 . If a\ < <22 < 03 and 03 < a\ + 02, then we have 

rT 


A 2 (ai, a2, 03; x)dx = c3T 1+ “i+ a 2+“3 + 0 {T^ a i+“2+“3 


1+7 


;~V3+£\ 


n 


where 


V3 = 


1 


(01 + a2 + a 3 ) (3 + 2 (ai + 02 + 03) (1 — 1 /03)) 

4aia 3 


if 3 (a 2 + a 3 ) < 7 oi, 


(ai + a 2 + a 3 )((ai + a 2 + a 3 )(ai + 3 a 2 + 3a 3 )(o3 — 1 ) + a 3 ( 5 ai + 3 a 2 + 3 a 3 )) 
if 3 (a 2 + 03) > 7 ai, 3 a 3 + ai < 502 and 303 < ai + 3a2, 

Ol + 02 — 03 


. a 3 (ai + a 2 + a 3 )(ai + a 2 + a 3 - 1) 
and C3 is a certain positive constant. 


otherwise, 


We prove Theorem 3 in Section 4 . 


2 The Tong-type identity of A (a; x) 

In |J 2]. Tong studied the mean square of A(l,..., 1; x). By using the func- 

k 

tional equation of ( k (s) he derived a very useful identity of A(l,..., l;x), 
which we call the Tong-type identity, where the first finite sum is the same 
as that of the truncated Vorono'f formula, while its error term is represented 
by the integrals like (12.61) below. 

In our case, by the functional equation of the Riemann zeta function 

(|) CM = »- (1 - )/2 r (1^) <(i -«), 
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we find easily that the functional equation of (p(s) and ip(s) has a form 


Ai(s)y?(s) = A 2 (l - s)i/j( 1 - s ) 


( 2 . 1 ) 


where 



( 2 . 2 ) 


and 


A 2 (s) :=[] r 


OjjS — CLj -\- 1 


(2.3) 
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Note that d(a; n ) does not satisfy the Ramanujan conjecture and also the 
gamma factors on the left and right hand side of (12.111 are not the same for 
general a, so the pair of Dirichlet series <p(s) and ift(s) is not contained in the 
so-called Selberg class. In our previous paper |2], we developed the theory 
of the Tong-type identity of the error term for such a pair of Dirichlet series. 
In fact, we assumed that the two Dirchlet series <p(s) and ifi(s) satisfy the 
functional equation of the form Ai(s)t/?(s) = A 2 (r — s)ijj(r — s), where A j(s) 
is the product of Gamma functions, and derived the Tong-type identity of 
the error term of the g-th Riesz mean of the coefficients of (p(s). 

In order to write up the Tong-type identity for A (a;x) in the present 
case, we follow the same notation of pj. From (12.21) and (12.3D . we have (we 
define a again for its importance.) 


aq + • • • + afc 


a = 



3 




j 



and 



In this paper we only consider the case q = 0, hence 



2 4 a 2 a 4 a 


1 1 /j,' — fi k — 1 


(2.4) 
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We also need 


Ao 


9 0 + - - r - 1 

2 a 


k + 1 
4a 


- 2 . 


(2.5) 


In Tong’s theory, it is important to approximate A (a;x) by the JL-th 
averaging integral 

[ A(o; y)dY K , 


where we use the notation 


Je k 


g(y)dY K = 


g(y)dyi ■ ■ ■ dy K , 


with 

y = y + -(yi d-h yx) 

X 

for an integrable function g(y). Let A (a;x) be the error term of the sum- 
matory function of c!(o;n), which is defined by the same way as A (a;x). 
Then the averaging integral can be expressed by the function defined by 


/(A, M, N, y) = 2iri / « A A(a; u) exp (—ih(uy) du. (2.6) 

Jm a ' 

The next lemma gives the Tong-type identity of A (a; y ). 

Lemma 1. Let l<x<y<(l + 8)x, N = [x 4 “ _1_!f ] and J = [(4a 2 ?’ + 
4a)e _1 ], where 5 is a small positive constant. In every subinterval [t,t+ 
Bt l ~ l / 2a ] C [l,VN], there exists M / y n such that the following Tong-type 
identity holds: 

7 

A ( a ;y) = 

3 =i 
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where 


Ri(y) = K 0 y e ° V -^4- COS (h(yy n ) 1/2a + Covr) 

Mn<M^n 

= ACo7T 2 " (eo_1 ^ 00 ^ cos(/i7r(?/n) 1 / 2a + Cq7T) 


n<M' 


= K 0 ir 2a9 ° k/2 y 9 ° ^2 cos{hir(yn) 1/2a + cqtt), 


n<M' 


RoM =/ 0 + ^Re{coo/(A 0 ,M,iV,y)}, 


J J 


1=0 m =0 
£+m>0 


l — m 


R 3 (y) = EE R'® | Q ml ( -^0 ” 1 “ ~ j AI, N , y j / x y 2a 2a > 


A' a: 

# 4 (y) = EE Re i ( A ° 

j =0 ra =0 


2 a 

IV + m 
2a 

fc+l fc-|-l 


N , -n i ki ,j\ K+e ° + & 

, N , oo, y -\ > x y + - 


X J 


. fc—a wi 0 -vV fe —3 n\_i_ c r fc-j-i I fc—l l 3 i fc—l 

R$(y) = X 4a M ^ 4a >°)+ £ -|- X ia ~ 2 M 4a +£ 4- X 4a 2 M 1 2 + 4a 

+ x (4a-l)(l+a Jl )-2A-+^ + 2 ^-6 a; 

#e(y) = o, 

^r(y) = A(a; y) - / A(a; y)dY K , 

Je k 

where M’ = M/tt 201 and Ko 0 , coo, Q m , c' m are certain constants, K is a 
suitably large integer and uj\ < 1 is a certain constant. 

This is Theorem 7 of [2]. We need one remark on H@(y). In fact i? 6 (y) 
is given as 


^e(y) < 


0 if b(n) > 0 , 

x do , if 6(n) <C ji“°. 


In our case we can take Ro(y) = 0 since b(n) = 7 t 2 “ k / 2 d(a,n) is always 
positive. 

We recall important evaluations of the integral of /(A, M , IV, y) which we 
need in the next section. 

Lemma 2. Let M < N < x A (A is a fixed positive number), w be a real 
number and 0 < fi < 4f. Then we have 


"(l+<5)a; 


/(A, M, N, y)y w cos {h(/iy) 1/2a + c 0 Tr)dy 


< x w+1_3/4a+£ max pA+,r*+i-3/4a_ 
M<P<N 


K+m 

2a 
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Lemma 3. Let 2(A+<r*) 7 ^ —1, M < N < x A (A is a fixed positive number) 
and 6 > 0 with (1 + 5) l / a — 1 < 1/4. Then we have 


L 


(l+<5)a: 


|I(A, M, N , y)\ 2 dy <C a j 1 ~ 1 /“+ £ 


max p2(A+<r*+l)-l/a_ 
M<P<N 


Lemma 4. Lei 2(A + a*) —1, 2(A + a* + 1) < 1/a, M > 1 and 6 > 0 with 

(1 + (5) 1//a — 1 < 1/4. Then we have 


»(l+5)a; 


|/(A, M, 00 , y)\ 2 dy < x i-^+s M 2 (x+a*+i )-!/«_ 


These lemmas are Lemmas 8, 9 and 10 of J2j, respectively. See [2] for 
details. 


3 Mean square of A (a,x) 


In the asymmetric many dimensional divisor problem, the number (// — 
y)/2 = —a + k/2 plays an important role. Though the proof of Theorem 1 
goes in a similar way to [2, Theorem 8 ], we shall give a detailed proof for 
the sake of completeness. 

Let 

Kfiy) = Rfiy) + R 2 {y) 

and 

7 

K 2 (y) = ^R j (y). 

3 =3 

It is sufficient to evaluate the integral {K\{y) + K 2 (y)) 2 dy for 1 < 

x < T, where <5 is some fixed positive number. 

We need the upper bound of the sum of d 2 (a, n ). Moreover we can prove 

Lemma 5. Let x > 1. Then we have 

x 2-i/a k < ^ d 2 {a ; n) < x 2 - l/ak+£ . (3.1) 

n<x 


Proof. By Cauchy’s inequality we get 

d 2 (a-n) = \ ^ n i 1_1 '' ' n< k k 

1 a 1 a lc 

\ n i - n k = n 

< J2 ix E 

ai ai, ai ai, 

n i "' n k =n n 1 ■■■n k =n 

<C n £ c(a;n), 
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where c(a; n) = ^2 n a i... n a k n^" 1 ^ • • • r?S ak We also note that d 2 (a; n) > 

n l L k 

c(a;n). The generating Dirichlet series of c(a;n) has a form 

OO / _ x k 

Y = n ^ a r s - 2 ( a i ~ X ))’ Re ( s ) > 2 - V°fc- 

n=l j =1 

This Dirichlet series has poles at points 2 — 1/a j (j = 1,..., k), hence 
c(a; n) = cx 2 ~ 1 / ak log" 4-1 x ■ (1 + o(l)) 

n<x 

where c is some constant and A is the number of j such that aj = a ^, hence 
the result follows. □ 

Let a* be the number defined by CED- Assume that a* satisfies (USD- 
The inequality (11.911 is equivalent to 

2(Ao + cr* + 1) < —, (3-2) 

a 

where Ao is defined by (12.511 . 

3.1 Evaluation of /j 1+<5R Kf(y)dy 

Let Kq = kq for simplicity. By using 

cos(x) cos (y) = -(cos(x — y) + cos(x + y )) 
and substituting (12.411 to 6q in the Tong-type identity, we have 

n<M’ rn<M> ( nm ) 4 “ 

+ cos (/?.7r7/ 1 / 2 "(n 1/,2a + ?n R2 “) + 2 c 0 7t)^ 

= ^f(W 1 (y) + W 2 (y) + W 3 (y)), 

where 

w / \ ^=1 K n ) 2 

lEi(y) =y aa ^ , 

n<M' n 201 

W 2 {y) = y 2a E E ' >( "!, ( Ti COS(fa 9 V2« ( „l/2« _ ro l/2« ))i 

n,m<M' ( nm ) 4 “ 
n^m 

W 3 (y) = y 2 Q EE- b(n)& ^ cos(/ivry 1 / 2 "(n 1 / 2 " + m 1 / 2 *) + 2 c 0 7t). 

n,m<M' C "™) 1 4 “ 
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For the integral of W\(y), we have 


Ml+S)x 

/ W i (y)dy = 

J X _ ^ n * 


n<M' 


b(n) 2 f( 1+ ^ x 

2 k ~ 1 
Tl 2a Jx 


fc-1 

V 2a dy. 


Since (jl.lOjl is equivalent to 4— < —, we find that the series Yin — 2-i is 

k n 2 25“ 

convergent, hence by using (13.11) . we have 


E 

n<M' 


b(n) 2 

2_ fc—1 

71 2a 


b(n) 


OO 

n=l " 


— + 0(M 


k=±-J- + e 

^, I C 


)■ 


Hence 


L 


(l+<5)a: 


Wi(y)dy = 


b{n) 


OO 

n=l n 


Ij 


(l+<5)a; 


y " 2q dy + 0(x 1+ 2 q M 


-—-+£\ 
“fc ) 


(3.3) 


By the first derivative test, we have 
c (l+<5)a; 


/ 


b(n)b(m) 


W 2 {y)dy « x 2 « +1 2 “ EE ■ ^ , 1/2q _ 1/2q| 

m,n<M'( nm ) 4 “ l n/ m/ I 

m^n 


= x^ +1 {E 1 + E 2 }, 

where the summation conditions of E] and S 2 are given by 
SC(Ei) : In 1 / 2 " - m 1/2 "| > -^{nm) 1/Aa 


and 


SC(S 2 ) : In 1 / 2 " - m 1/2 "| < ^(nm) 1/4c 


respectively. It is easily seen that 


Ei < 


EE 


b(n)b(m ) 


1 


n,m<M' ( nm ) 4 “ (nm)ia 

|n 1 / 2 “_mi/ 2 “| > i(nm)i/4“ 

2 


« En 


6(n) 


fc—2 

K n<M' 4a 


fc —2 , _ 

< M~ +£ , 


where we have used the trivial estimate Yjn<x^( n ) ^ ^ 1+e - Next we con¬ 
sider E 2 . By Lagrange’s mean value theorem we have n 1 / 2 " — m 1 / 2 " = 
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2 ^-Uq^ 2q 1 (n — m) with some uq between n and m. Since nxmby SC(T, 2 ), 
we find 


thus we get 


S 2 «EE 


n V 2 « _ ttt, 1 / 20 ! > (to) 1 / 4 " l / 2 \ n — m\, 
b(n)b(m) 1 


n^m 


/ (nm) 2 m l 


«EEl(-nLW-££i 


n,m<M' 
n^m 


Tl 2 4a 


77?, 2 4a 


n — m 


By the symmetry on n and m and by using Lemma [5] we obtain 


S2 « ee J^L^«m- ^ 


l-TT + ^+e 


n,m<M‘ 

n^m 


\ n 1 2a 


Here we note that the exponent of M is 1 — 1/a^ + (k — 2)/2a > 0 and E 2 
is greater than Ei. Hence 


i‘(l+S)x 
/ W 2 {y)dy 

J X 


k — 2 , j L-L fc ~ 2 -Lg 

< x —+ X M “fc 2 “ + 


(3.4) 


It is easily seen that W^(y)dy is absorbed in the right hand side of 

m- 

From (13.31) and (13.41) . we get 


/•(l+< 5 )z 1 2 ^ u^V r^+ d ) x 1 

/ R\(v)dy = \Y.--rL vVdy 

Jx Z n=1 n 2a J X 


J 2 00 


2 /-(l+5)x 


1 L 1 fc —1 1 \ / u_o fc—2 1 -| 1 

+ O x^ +1+£ M 2a a k ) + O f x^ +1+£ M 2a a k 


(3.5) 

Next we consider the mean square of R 2 (y). By Cauchy’s inequality and 
Lemma [3l we have 


r(l+8)x r(l+ 0 )x 

/ R 2 (y)dy < / |/(Ao,M,IV,y)| 2 dy 

J X J X 

■C x"2^ + “X 1_ “ +e max p 2 ( A o+°- + 1 )--. 

M<P<N 

We note that from (12.51) and the assumption (11.91) . 2(Ao + cr* + 1) — 1/a < 
— 1/dfc + (L — l)/2a < 0. Therefore 


(1+5)21 


L 


(l+5)ai 


R' 2 (y)dy < x V+ 1 + e M 2,7 * _2+ V 


(3.6) 
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Finally we treat f£ 1+S ^ x R\{y)R 2 {y)dy. 
and i? 2 (y), we have 


From the definitions of R\{y) 


l 


(1+S)x 

r(l+d)x k bin) 

= Re n 0 coo / y2a/(A 0 ,M, N,y) EdS cos(/i7r(ny) 1//2 “ + coTr)dy 

Jx n<M' n 4a 

= Ren' 0 coo(Ii + h), 


Ri(y)R 2 (y)dy 

r-(l +S)x 


where 


h = 


L 


k 

y2<*I(\o, M, N, y) 


b{n ) 


E — 

n<M' /2 n 


— cos(/wr(ra/) 1//2Q + c$Tt)dy 


and 


h = 


L 


( l+5 ) 3: k 

y^I(X 0 ,M, N,y ) 


E - 

M'/2<n<M' n 


b{n) 


k -1 
4a 


cos(/i7r(ny) 1//2a + CQir)dy. 


By Lemma [2] we have 


/i« Yl 

n<M' 


K 


n) 


1^.2_ 

n 4a 


- X 2a 


+ 1 — 


max P Ao+<t * +1 -^. 
m<p<n 


By the assumption (11.91) . the exponent of P is negative, hence by using 
En<x K n ) < xl+£ > we g et 


Ji < a; ^w+ 1 +"M Ao+<T * +1_3/4 " ^ 

n<M'/2 n 4 “ 

2fc—3 iii * i | 2/c—3 . . 

< x^^ +1+£ M' 7 (3.7) 


Note that we avoid using Cauchy’s inequality for I\. But we apply Cauchy’s 
inequality for I 2 . In fact, we have 


where we put 


and 


^2 = 


l 


(l+<5)x 


/ 2 <x^(Ciy 2 ) 1/2 , 

r(l+5)x 

Vi= j |7(A 0 , M.N, y)\ 2 dy 

J X 


-“§ET cos(/ivr(ny) 1/2 “ + c 0 tt) 
M’/2<n<M' n 4 “ 


(3.8) 


dy. 
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For Vi we apply Lemma [3] and get 


V\ < x 1_ « +e M 2<T * _2+ ^r. (3.9) 

By the similar method of evaluating the mean square of Ri(y) we get 


fc - 1 —J-+ e 


V 2 CrM 2 ” “fc +x 2 a +£ M 


! 1 _1_ 1 fc-2 

I-oi. t 2a 


(3.10) 


By (13.81) . (13.91) and (13.101) we get 


I 2 < x 1 +b ^ +£ M a * 1+2a 2 a k + x 1 +i ^r +£ M u 2_r 4 “ 2 “fc. (3.11) 


The estimates (13.51) . (13.61) . (13.71) and (13.111) give the asymptotic formula 
of f} 1+S ‘ d Kf(y)dy. There are six error terms arising from these formulas. 
By 1 — 1/2dfc < a* and 


-1 1 2k—3 a *- 1 I 2fc-3 1_ / fc-2 , 1 fc-2 _I_X L 

X 1+ ^~ M 2 4a 2a k = ( X~2^ + 1 M 2 “ “fc 


1 \ 1/2 


fc — 1 1 1 o * o 1 fc — 1 \ ^ / ^ 

x— +1 M 2,t - 2+ —J 


it is easy to see that the first error term of (13.51) . (13.71) and (13.111) are con¬ 
tained in the second error term of (13.51) and (13.61) . hence we get 


e(l+S)x ri h(nY C 

[ Kf(y)dy = -^~Y^ 2 _k=i [ V^dy 

Jx ^ _ 1 71, 2 a J x 


r-(l+ 5 )a; 


+ O ( x ^ +1+e+1 “fc ) + O (x V+ 1+£ M 2ct * _2+ V 


(3.12) 


3.2 Evaluation of K 2 (y)dy 

We evaluate the upper bounds of jj 1+<5 ^ x Rj(y)dy (j = 3,..., 7). By Cauchy’s 
inequality and Lemma [3], we have 


i'(l+5)x 

/ Rl(y)dy < EE 

J X r \^-1 „—^ 7 


A 1 1 fc+1 1 l — m 
X 2a ' a 


0 <l,m<J 
Z+ra> 0 


L 


(l+< 5 )z 


7 — yti 

I (\ 0 + ^—,M,N,y) 
la 


dy 


max P 2(Ao+^+ CT *+i)-i 

^ M<P<N 

0 <l,m<J 
l+m> 0 

= E 3 + E 4 , 


where the summation conditions are 

SC(T,^) : 0 < l < m < J, l + m > 0 and SC (£ 4 ) : 0 < m < l < J. 
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Since we assume 2 (Aq + a* + 1 ) < 1 /a, we find that 


£ 3 « ^ x- 4 ' + ^+^ + 1 +£ M 2 ( Ao+ff * +1 )-^ +i ^ 


0 <m<l<J 
l+m> 0 
k-1 

= X 2a 


+ l + e M 2{a*-l)+^ J 2 


„-4«+ 


l — m l — rr 
a ]\/[ a. 


0 <m<l<J 
Z+m> 0 


The sum over l and m on the right hand side are bounded by 
< (xM)~^ a + x ~ 4 < (iM)" 1/a , 

hence we have 


£ 3 < x ^ +1+£ M 2< - a *~ 1)+ ^r. 
Next we treat £ 4 . Since 


(3.13) 


o/\ , *, l — m , T\ 1 ^ (afe — Oi) H-1- (afe — Ofc-i) + ^ n 

2(Aq + <7 +_ + !)--> - (ai + ... + a>)at ->° 


in this case, we have 


£ 4 < ^ x- 4i+ ^ +1+ ^ +£ iV 2 ( Ao+<T * + ^ i+1 )-^ 

0 

^ + l+e N 2(\ 0+ v*+l ) —i ^ 

0 <m<l<J 


fc- i 

= X 2c 


Noting that TV = [x 4a 1 e ], we find that the sum over l and m is 0(1), 
hence we have 

£4 < x^ + 1 +£ iV 2(Ao+CT * +1)_ ^. 


(3.14) 


From (13.131) . (13.141) and the assumption M < XN we get 

f(l+5)x 


f { } Rl(y)dy < a:^r + 1 +£ M 2((7 * _1)+i ^ + x V+ 1 +£ M 4 (ct * _ 1 )+ V. 

J X 

(3.15) 


Similarly we have 




/•(l+<5)o: 

/ Rl(y)dy < 

^ j,m=0 


\K I fc ~ 1 I 1 K +' 

X ^ 2a ^ a a 


L 


( 1 + 6 ) 3 ; 


, K + m j 

I 1 A°- 7 ^—, IV, 00 , y + - 


« Y x 4K+ ^ + ^-^x 1 -^ +£ N 2 ( Xo - E ^+^ +1 ^ 


j,m=0 


= x 4 ^+fe i + 1 -w 


If 


kr + 1 _ x : + e N 2 ^ Ao+fT * + 1 ^ _ a _ ^ : ^ (xN)~ m / a . 

j ,171=0 
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Here we have used Lemma 01 Since the sum over j and m are bounded, we 
get, by the definition of N 


/ R\{y)dy < x 4K+! ^ L+1 ~^ +£ N 2(Xo+a * +1 ' > ^^x~ (4a ~ 1 ~ e ^ 

J X 

< x^ +1- '^ +e lV 2(A °+ tT ‘+ 1 )-^ (3.16) 

Now consider R§(y). By taking K large, we have 

. . k — 3 k — 3 r»\ I fc+1 r\ fc + 1 I k — 1 1 1 I k — 1 

R§(y) < X 2a M { 4a ’°> +£ + X 4 a 2 _M 4a +!f + X 4o: 2 M 2 + 4a . 

It is easy to see that 


R$(y) < 


j.—1/4 a 

fc-3 fc-3 
X 4a M 4a 


if k = 2 

if > 3 and M <C x 2 "” 1 . 


Hence 


L 


(1+5) a: 


R-l{y)dy < 




l-l/2o 


i j fc 3 K t 

M"2^ 


fc-3 


X 


if k = 2 

if fc > 3 and M <C x 2 “ _1 . 


(3.17) 


By the choice of M, R§(y) = 0, so we don’t need to consider its mean 
square. 

By the same method as that of [2], we have 


L 


(1+5)1 


Rr{y)dy < x £ . 


(3.18) 


The first error term on the right hand side of (13.15|) is clearly contained 
in the right hand side of (13.171) . Hence from (13.151) , (13.161) , (13.171) and (13.181) 


/•(l+5)x , 

/ K'i(y)dy < x~ +l+£ M i{a " 

J X 


-i)+^± 


x 1 1 / 2 “ if k = 2 

x 1+ "2^ M~ if k > 3 and M <C x 2q_1 . 


(3.19) 


3.3 Proof of Theorem 1 

Choose M so that the two error terms of K 2 (y)dy have the same 

order (see (13.121) 1. namely 

x^r +1 M 2a “fc x x^ +1 M 2(ct -b+^r, (3.20) 

hence , 

M x x 2a (3—— 1 / a fc)— 1 . (3.21) 
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Clearly M satisfies M <C x 2a 1 -C y/N. Therefore we have 


r(l+S)x / 2 °° h(n l 2 f 

/ = Lr/ 

Jx ^ i 77-^ 2a Jx 


'»(l+<5)a; 


fc_1 - ~ X T+^-r?(a)+ £ 


_ 2— *_ 

=i n 2q 


y 2 a dy + O ( x + 2“ 


(3.22) 


where 77 (a) is given by ( 11 . 12 ft . 

First we shall see that K 2 (y)dy is contained in the error term on 

the right hand side of (13.221) . Consider the first error term in (13.191) . Since 
the exponent of M is negative, it is smaller than the error term of (13.221) . 
Next consider the second error term of (13.191) . For k = 2 there is nothing to 
prove. For k > 3, it is enough to show that 


1 

a 


k — 3 
2 a 


1 

2a(3 — 2a* — 1/a*,) — 1 


> ri(a), 


or equivalently 2 — 1 /a^ > a*. This is true from the assumption (11,9ft . 

Finally we treat f [ j 1+d ^ x K\(y)K 2 {y)dy. By Cauchy’s inequality, (13.221) 
and (13.191) we have 


L 


(l+<5)a: 


Ki(y)K 2 (y)dy < 




1/2 


« x 1 +^+ £ M 2 ^- 1 )+^ + 


2 a M~ 


if k = 2 
if k > 3 


Since M is chosen by the equation (13.201) , this is also contained in the error 
term of (13.221) . This completes the proof of Theorem 1. □ 


4 Proof of Theorem 3 


In order to prove Theorem 3 we need some preparation. Define m(a) (1/2 < 
a < 1) as the supremum of all numbers m such that 

\C{a + it)\ m dt<^T 1+£ . 



It is known that m(a) > 4 for a > 1/2, m(7/12) > 6 and m( 5/8) > 8. Ivic 
studied m{a) in great detail. One can find a lower bound in [TJ Theorem 
8.4], Here we can suppose that m(a) is continuous. Especially we have the 
following simpler but a little weaker form: 


m(a) > < 


4 1 5 

- if — < a < — 

3-4 a 2 ~ ~ 8 


if — < a < 1. 


,1 — a 


(4.1) 


The following lemma is used essentially in Ivic’s argument [8]. 
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Lemma 6 . Let aj (1 < j < k) be positive integers such that a\ < • • • < a/~ 
and let and a* be defined by (11.61) and (11.71) . respectively. Define the 
function H(a) by 

k 

i%> = E 

3 = 


If 


“ m(ajcr — aj + 1 ) 

H{a) < 1/2 


for some cr, we have a* < a. 

Proof. We write aj = aja — aj + 1 for simplicity. Suppose that 

A 1 < 1 

f^rnfaj) ~ 2 ' 

Then by Holder’s inequality, we have 

rT pT k 


[ \'fi(s)\ 2 dt= [ TT|C(ctj +iajt)\ 2 dt 

Jl Jl 3=1 


3=1 

k / r T 


3=1 


< n yj + iajt)\ m ^ u ^dt 




1 dt 


i 2 

2-^3 = 1 m(<7j) 


l+£ 


< T 

Hence from the definition of cr*, we have a* < a. □ 

We remark that since H (cr) is decreasing, if we have 

4-4K 

then Theorem 1 holds. 


Lemma 7. Let k = 3, a\ < 02 < 03 and a 3 < a\ + 02 - Let a* be defined by 
C2D- Then we have 


a 


< 1 - 

< 1 - 

= 1 - 


4(ai + o 2 + a 3 ) 
3 

01 + 3 ci 2 T 3a 3 

1 

2 <23 


if 3(a 2 + a 3 ) < 7a 1 , 

if 3 (a 2 +( 23 ) > 7a 1 , 3a 3 + ai < 5 a 2 and 3a 3 < ai + 3 a 2 , 
otherwise. 

(4.2) 
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Proof. We shall find l — ^7 < u < 1 — ai+ ^ 2+a3 such that H(a) < 1/2. For 
simplicity we put aj = ajcr — cij + 1 (j = 1.2,3) for a € [^, 1] as before. It 
is easy to see that ^ < cr 3 < cr 2 < 0 i < 1 . 

Now we use a weak version (|4.1I) of Theorem 8.4 in Ivic. 

(Case 1) We first consider the case 3(a 2 + 03 ) < 7a\. Put 


4(ai+a 2 + a 3 )‘ 

Clearly a < 1 — 1/(01 + 02 + 03 )- Since 303 < 7ai — 3a 2 < (2ai + 5a 2 ) — 3a 2 = 
2(ai + a 2 ), we have a > 1 — and <71 < |. By (14.111 we have 


n(°) = E 




< 3 — 4<ti 3 — 4cr 2 3 — 4 iT 3 


1 

2 ' 


Hence we get a* < a. 

(Case 2) When 3(a 2 + 03 ) > 7ai, 3 a 3 + ai < 5a 2 and 3a 3 < ai + 3a 2 , we 

put 

„:-l_1_. 

ai + 3 o 2 + 3 a 3 

It is clear that a < 1 — l/(ai + a 2 + 03 ) and a > 1 — ^ by the last 
condition. One can check that by the first two conditions that | < o\ < 1 
and \ < <t 3 < <r 2 < | . Hence 


H(a) = ^ 




< 1 - Qj 3 - 4(72 3 - 4(73 


1 

2 ' 


Hence we get a* < a. 

(Case 3) We consider the case 3(a 2 + a 3 ) > 7ai, 3 03 + ai < 5a 2 and 
3o s > ai + 3a 2 . In this case we put 


a := 1 — 


203 


Note that this is the best possible choice. We easily check by the last 
condition that 


3a 3 > ai + 3a 2 > 4ai, 


hence 


o 1 — ai 


1 \ 01 5 

1--Oi + 1 = 1- L >-- 

2(33 / 2(33 8 
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Now we consider two cases. 

(i) If 3a 3 < 4a 2 , then cr 2 < |. We use the third condition to get 


H(a) = £ 


m(cxj) 
ai + 3a 2 1 


l — o"i 3 — 4 ct 2 1 

<-- H-- + - 

“3 4 4 


6 a 3 


< 


(ii) If 3a 3 > 4a 2 , then <r 2 > |. 
a\ + 3a 2 > 2(ai + a 2 ). Hence 


By the third condition we have 3a 3 > 


H(a) = y —— < 



a i + a 2 
6 a 3 


1 -a-i 


3 

1 


< - 

“ 4 


■ + 

1 

6 ' 


1 ~ 02 1 
3 + 4 


3 

2 


1 

2 ' 


Combining the two cases (i) and (ii), we have <r* = a = 1 — l/(2a 3 ). 

(Case 4) Finally we consider the case 3(a 2 + a 3 ) > 7ai, 3a 3 + a\ > 5a 2 . 
In this case we put 

1 

o- := 1 — -—. 

2 a 3 

In this case we easily check by the second condition that 


3a 3 > 5a 2 — a± > 4a 2 , 


hence 


/ 1 \ a 2 5 

os = a >( 1 -5^)-“ 2 + 1 = 1 ^ > 8 ' 

We have l>< 7 2 >t,l>cri>t, and <r 3 = \. Hence 


^ , _ v- 1 / 1 - a! , 1 - a 2 , 1 

ff w-E^s^- + ^- + 4 

i=i v 

1111 

< —|-(-- = -■ 

“ 8 8 4 2 


Therefore we have a* = a = 1 — 1/ (2a 3 ). 


□ 


Proof of Theorem 3. Now the proof of Theorem 3 is immediate by substi¬ 
tuting each value on the right hand side of ()4.2f) to (11.121) . 


Remark. From Lemma 7 we have 

a*(3,4,5) = ^, o'*(2, 3,4) 


7 

8 ’ 
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which are the best possible results . By Theorem 8.4 of IvicfT] we also note 
the following slightly better results 


214 


<r*(l,2,2)< 


41761 

54522 


0.765948-•• . 
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